Simple proof for the bounds of concurrence 
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The bounds of concurrence in [F. Mintert and A. Buchleitner, Phys. Rev. Lett. 98, 140505 
(2007)] and [C. Zhang et. ai, arXiv: 0806.2598] are proved by using two properties of the fidelity. 
This shows these two concepts in quantum information are closely related. 
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Entanglement and fidelity are two important concepts 
in quantum information theory [l|. The former depicts 
the nonclassical connection between two parts of a quan- 
tum system. And the latter is a measure of closeness 
of two quantum states. They are shown to be closely 
related to each other in many aspects 0, 0, 0, 0] • 

One of the most famous measures of entanglement is 
the concurrence [HIE] of two-qubit system, which is equiv- 
alent to the entanglement of formation [fj. The concur- 
rence of a pure two-qubit state is given by 



C(|V>» = \/2(l-TV 



2(1 - Tip B ' 



(1) 



where p A = Trs|V')(V ; | is t ne partial trace of over 
subsystem B, and p B has a similar meaning. For a mixed 
state, the concurrence is defined as the average concur- 
rence of the pure states of the decomposition, minimized 
over all decompositions of p — J2jPj\ipj}(ipj\, 



C(p)=minJ2p j C(\^ j )). 



(2) 



The decomposition making the convex combination reach 
the minimum is called an optimal one. 

The fidelity [3, 0, i, ©, Efl] between two states p x and 
P2 of a quantum system R reads 



F{pi,p 2 ) = Tr(V VPlp2y/px) 



(3) 



When pi = \4>){(j>\ and p 2 — \<p)(ip\ are two pure states, 
F( Pl ,p 2 ) = Tr(|<£)<<^)<^|) = |(0|v?)| 2 . Let Q is a copy 
of R, and l^i) is a purification of p\ and \ip 2 ) of p 2 into 
RQ, then 



F{pi,p 2 )>F(a 1 ,a 2 ) = |(Vu|^ 2 )| 2 , 



(4) 



where cti = a 2 = ItMIt/^L and TtqCTi = pi, 

TrQCT2 — p 2 - It is proved in [111 ], that fidelity can be 
bounded above by the so called super-fidelity G{p\,p 2 ): 



F(pi,p 2 ) < G{pi,p 2 ) 

= Trpip 2 + 
< 1. 



(1-Trp 2 )(l-Trp 2 ) 



(5) 



When pi and p 2 are two pure states, G{pi,p 2 ) = 
Trpip 2 = F{p 1 ,p 2 ). 

Very recently, Mintert and Buchlciner ; 12j proposed 
a scheme to observe the entanglement of p through a 
small number of projective measurement on a twofold 
copy p ® p. The key of their theoretic foundation is the 
lower bound of concurrence as 



C 2 (p)>2[Trp 2 -Tr^ 2 ], 



(6) 



where C{p) is the concurrence for arbitrary states, taking 
the definitions in Eq. ^ and Eq. (JTJ) . Subsequently, 
Zhang et. al. fl3l ] presented an observable upper bound 
of the concurrence 



C 2 (p)<2[l-Tr/ 2 ], 



(7) 



which also provides a good estimation of entanglement in 
experiment fl4j as done for the lower bound in Eq. 
The two bounds are proved separately in [l2|, [l3[ . But we 
find these inequalities (|6l7p can be distinctly understood 
in the viewpoint of fidelity. The details are as follows. 

Suppose {IV^)} is an optimal decomposition of p, pi = 
\ipi)(ip%\, and p = Y). Upt, where £\ U = 1. The reduced 
density operator p A — Y] li tipf, where p A = Trap,;. It is 
straightforward to obtain 



C 2 (p) = 2^^- v /[l-Trpf 2 ][l-Trpf], 
Tip 2 = ^titjTripipj), (8) 

Tr/ 2 = Yi^iPipfy 



Then, one can notice that 



1 > Mptpf) + ^[l- Trpf] [l - Trpf ] 

= G(p A ,pf)>F(p?,pf). (9) 



On the other hand, pi and pj are two purifications of pi 



and pf, we obtain 
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1 > G{pf,pf) > F{pf,pf) > F{ PllP3 ) = Tr{p iPj ).(10) 



2 



Hence, 

2 > C 2 (p) + 2Tr/ 2 = 2 g i^G(pf , p/) 

> 2^i^TV(p i p j ) = 2Trp 2 .(ll) 

This ends the proof. 

The above result shows that, the properties of the fi- 
delity between two states in the optimal decomposition 
of a biparticle system lead to the upper and lower bounds 



of concurrence. The bounds happened to be the founda- 
tion to observe entanglement experimentally. This sug- 
gests the relation between entanglement and fidelity is 
profound and worthy of study further. 
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